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Abstract. General Lagrangian theory of discrete one-dimensional integrable systems 
is illustrated by a detailed study of Backlund transformations for Toda-type systems. 
Commutativity of Backlund transformations is shown to be equivalent to consistency 
of the system of discrete multi-time Euler-Lagrange equations. The precise meaning of 
the commutativity in the periodic case, when all maps are double- valued, is established. 
It is shown that gluing of different branches is governed by the so called superposition 
formulas. The closure relation for the multi-time Lagrangian 1-form on solutions of the 
variational equations is proved for all Toda-type systems. Superposition formulas are 
instrumental for this proof. The closure relation was previously shown to be equivalent to 
the spectrality property of Backlund transformations, i.e., to the fact that the derivative 
of the Lagrangian with respect to the spectral parameter is a common integral of motion 
of the family of Backlund transformations. We relate this integral of motion to the 
monodromy matrix of the zero curvature representation which is derived directly from 
equations of motion in an algorithmic way. This serves as a further evidence in favor 
of the idea that Backlund transformations serve as zero curvature representations for 
themselves. 



1. Introduction 

The present paper can be considered as an extended illustration of the general La- 
grangian theory of discrete integrable systems of classical mechanics, developed in [TU] . 
This development was prompted by an example of the discrete time Calogero-Moser sys- 
tem studied in [22], and belongs to the line of research on variational formulation of more 
general discrete integrable systems, initiated by Lobb and Nijhoff in |12] . 

The notion of integrability of discrete systems, lying at the basis of this development, is 
that of the multidimensional consistency. This understanding of integrability of discrete 
systems has been a major breakthrough [6], [15], and stimulated an impressive activity 
boost in the area, cf. [7J. According to the concept of multi-dimensional consistency, 
integrable rf-dimensional systems can be imposed in a consistent way on all rf-dimensional 
sublattices of a lattice of arbitrary dimension. This means that the resulting multi- 
dimensional system possesses solutions whose restrictions to any dimensional sublattice 
are generic solutions of the corresponding two-dimensional system. In the case d = 1 
the concept of multi-dimensional consistency is more or less synonymous with the idea of 
integrability as commutativity which has been advocated by Veselov [21] . In the important 
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case of discrete integrable systems of dimension d = 2, this approach led to classification 
results [2] (ABS list) which turned out to be rather influential. 

The Lagrangian aspects of the theory were, as mentioned above, pushed forward in [T2] . 
They observed that the value of the action functional for ABS equations remains invariant 
under local changes of the underlying quad-surface, and suggested to consider this as 
a defining feature of integrability. Their results, found on the case-by-case basis for 
some equations of the ABS list, have been extended to the whole list and given a more 
conceptual proof in [8J , and have been subsequently generalized in various directions: for 
multi-field two-dimensional systems [13], for asymmetric two-dimensional systems [10], 
for dKP, the fundamental three-dimensional discrete integrable system [H], and for the 
above mentioned example of one-dimensional integrable systems p2]. 

General Lagrangian theory of discrete one- dimensional integrable systems has been 
developed in [19]. We give a short account of this theory in Section [2l It turns out 
that the most significant class of examples is given by Bdcklund transformations, i.e., 
one-parameter families of commuting symplectic maps. In the main body of this paper. 
Sections HHHl we work out the relevant results for Backlund transformations for integrable 
systems of the Toda type. The list of systems under consideration is given, for convenience 
of the reader, in Section [31 Our main results are the following. 

(1) Although Backlund transformations for the Toda lattice are very well studied 
(cf. [11] and quotations therein), there is one aspect which was not sufficiently dealt 
with in the existing literature. Usually one considers these systems under periodic 
boundary conditions, which yields multi-valuedness of the corresponding maps. 
A general discussion of commutativity of multi-valued maps (correspondences) is 
contained in [21]. However, its applicability to Backlund transformations of Toda- 
like systems, in particular, the choice of branches ensuring commutativity of such 
maps seems to be a completely open problem. We give here a complete solution of 
this problem. The key ingredient are the so called superposition formulas, which 
enable us to precisely describe the branching behavior on the level of local algebraic 
relations. 

(2) The main feature of the Lagrangian theory of discrete integrable systems is the so 
called closure relation, which expresses the fact that the Lagrangian form on the 
multi-dimensional space of independent variables is closed on solutions of varia- 
tional equations. In the case of Backlund transformations, it was shown in pj] that 
the closure relation is equivalent to the so called spectrality property introduced 
by Sklyanin and Kuznetsov in [11], which had, up to now, a somewhat mysterious 
reputation. We prove spectrality (and thus the closure relation) for all systems of 
the Toda type. Superposition formulas turn out to be of a crucial importance also 
for this aim. 

(3) In [in], an idea was pushed forward that Lax representations for Backlund trans- 
formations are already encoded in the equations of motion themselves. This is 
a one-dimensional counterpart of an analogous idea for two-dimensional systems, 
which was one of the main breakthroughs of [6], [15]. Here, we support this idea by 
an algorithmic derivation of transition and monodromy matrices for all Toda-type 
integrable systems. We think that a great portion of a mystic flair still enjoyed by 
integrable systems gets herewith a rational and ultimately simple explanation. 
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2. General theory of discrete multi-time Euler-Lagrange equations 

We will now recall the main positions of the Lagrangian theory of discrete one-dimen- 
sional integrable systems, developed in [19], in application to Bdcklund transformations, 
i.e., to one-parameter families of commuting symplectic maps. Suppose that such a sym- 
plectic map Fx : (a;,p) i— )• (x, pO; depending on the parameter A, admits a generating 
function A: _ _ 

dK{x,x]\) ^ dK{x,x;\) 

Fx: p= J. , p= . (1) 

ox ox 

Here, the first equation should be (at least locally) solvable for x, i.e., the matrices of 
the mixed second order partial derivatives of the Lagrange function A should be non- 
degenerate, det{d'^A/dxdx) ^ 0. When considering a second such map, say F^, we will 
denote its action by a hat: 

^ _ ^ _ dk{x, x; iJ,) ^_ dA{x,x;iJ,) 

We assume that 

FxoF^ = F^o Fx. 

As a consequence, the following equations, called corner equations, are obtained by elim- 
inating p from (II]), ([2]) at the four vertices of a square on Fig. [TJ 
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These equations admit the following variational interpretation. We define the discrete 
multi-time Lagrangian 1-form for a family of Backlund transformations as a discrete 1- 
form whose values on the (directed) edges of are given by A(x, x; A), resp. A(x, x; /i). A 
generalization to Z"^ with any m > 2 is straightforward. We look for functions x : — M 
delivering critical points for the action along any discrete curve in Z'". Then equations 
f lF]) -( |Fi2] ) are nothing but multi-time Euler-Lagrange equations for this variational prob- 



lem; see [19j . 

Consistency of the system of multi-time Euler-Lagrange equations flF]) - (|Fi2D should 



be understood as follows: start with the fields x, x, x satisfying the corner equation 
f lF|) . Then each of the corner equations ( |FiD , ( IF2D can be solved for x. Thus, we obtain 
two alternative values for the latter field. Consistency takes place if these values coincide 
identically (with respect to the initial data), and, moreover, if the resulting field x satisfies 
the corner equation (IF12D . This is equivalent to commutativity of Fx and F^. See Fig. [TJ 
We mention that the standard single-time Euler-Lagrange equations for the maps Fx, 

dA{x,x; X) ^ dA{x,x; X) ^ 
dx dx ' 

are a consequence of equation ([F]) and (the downshifted version of) equation (\Ei\j . 
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Figure 1. Consistency of multi-time Euler-Lagrange equations: (a) Start 
with data x, x, x related by corner equation I^E^; solve corner equations 
d-EiP and for x; consistency means that the two values of x coincide 
identically and satisfy corner equation ( |-Ei2|) . (b) Maps Fx and commute. 



As shown in [12], on solutions of discrete multi-time Euler-Lagrange equations, we 
have: 

A(a;, x; A) + A(2;, x; ji) — A(a;, x; /i) — K{x, x; A) = £(A, fi) = const. (3) 

Moreover, i{X,fi) = 0, i.e., the discrete multi-time Lagrangian 1-form is closed on so- 
lutions, if and only if dA{x,x] X)/dX is a common integral of motion for all F^. The 
latter property is a re-formulation of the mysterious "spectrality property" of Backlund 
transformations discovered by Kuznetsov and Sklyanin 



3. TODA-TYPE SYSTEMS AND THEIR TIME DISCRETIZATIONS 

We will illustrate the above concepts with an important and representative set of 
examples, namely, Backlund transformations for Toda-type systems. The latter term is 
used to denote integrable lattice equations of the general form 

Xk = r{xk) {f{xk+i - Xk) - f{xk - Xk-i)) . 
The integrable discretizations [12] are of the form 

g{xk - Xk] h) - g{xk - Xk, h) = f{xk+i - Xk] h) - f{xk - Xk-i] h), 

with h being an arbitrary parameter (time step). It is this parameter (or its inverse) 
which will play the role of the Backlund parameter A in all our examples. The list of 
examples includes: 

• The original (exponential) Toda lattice: 

= e'''+^-'"^ - e"''-\ (4) 
with a discrete time counterpart 

• Dual Toda lattice: 

Xk = Xk{xk+i -2xk + Xk-i) , (6) 
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with a discrete time counterpart 

Xk-Xk 1 + ^(^fe+i - Xk) 



(7) 



Xk- Xk 1 + h{xk - Xk-i) 
Modified Toda lattice: 

Xk = Xk (e^'=+i-^'= - e"'-'"^-^) , (8) 
with a discrete time counterpart 



QXk-Xk _ 2 1 -|- }ieXk-Xk-i 

Symmetric rational additive Toda-type system: 



(9) 



= -x'i ( — ^ — ) , (10) 

,Xk+l — Xk Xk—Xk-l, 



with a discrete time counterpart 

111 1 



^k ^k ^k-\-l ^k -^k -^k—X 

Symmetric rational multiplicative Toda-type system: 



(11) 



Xk = -{xl - 1) ( ) , (12) 

^Xk+l — Xk Xk — Xk-1, 



with a discrete time counterpart 

{xk -Xk + h) {xk - Xk-h) {xk+i -Xk + h) {xk - Xk-i - h) 



(13) 



(,Xfe - Xk - h) {xk - Xk + h) {xk+i - Xk - h) {xk - Xk~i + h) ' 
• Symmetric hyperbolic multiplicative Toda-type system: 

Xk = -(a^fe - 1) ( coth(a;jfc+i - Xk) - coth(xjk - Xk-i)) , (14) 
with a discrete time counterpart 
sm]i{xk — Xk + h) sinh(xfe — Xk — h) sinh(xfe+i — Xk + h) sinh(a;fc — Xk~i — h) 
sinh(xfe — Xk — h) sinh(a:jfc — Xk + h) sinh(xfe+i — Xk — h) sinh(a;jt — Xk-i + h) 

(15) 

(The names of the last three systems are justified by the appearance of their discrete time 
versions.) 

Wc consider these systems with finitely many degrees of freedom (1 < k < N). This 
requires to specify certain boundary conditions. We will consider cither periodic boundary 
conditions (all indices taken modiV, so that xq = xn, xn+i = xi), or the so called open- 
end boundary conditions, which can be imposed in all cases except for the dual Toda 
lattice and which can be formally achieved by setting xq — oo and xn+i — — oo. For 
the dual Toda lattice (and for the modified Toda lattice, as well), a certain ersatz for the 
open-end boundary conditions exists. It is achieved by considering the periodic system 
with -|- 1 particles enumerated hj < k < N and by restricting it to Xq = xj^^i = 0. 
For such a reduction, all results of the present paper can be established, but we do not 
deal with it in detail, since the resulting systems have a somewhat different flavor of the 
affine root system C^'* rather than the classical root system A^^i. In particular, these 
systems do not depend on differences Xk+i—Xk alone, due to the presence of the boundary 
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terms depending on Xi and on xj\f, and therefore the total momentum Yl^^iPk is not a 
conserved quantity for them. 

4. Backlund transformations for Toda lattice 

Here we illustrate the main constructions by the well-known example of Backlund 
transformations for the Toda lattice (jl]). The maps F\ : — )■ are given by 

equations of the type ([T]): 



Pk = j (e^*-"^'-- - l) + Ae^'=+i-^S 



(16) 



cf. [20], [H], [IB]- The corresponding Lagrangian is given by 

^ N N 

A{x,x; ^) = jYl - 1 - - Xk)) - A^e^'=+l-^^ (17) 

k=l k=l 

and the standard single-time Euler-Lagrange equations coincide with ([5]) with h = X. 

In the open-end case, we omit the term with e^^~^° from the expression for pi, the 
term with q^n+i-^n from the expression for p^, and we let the second sum in f lT7|) extend 
over 1 < A; < — 1 only. In this case, the first equations in f[T6|l are uniquely solved for 
Xi, 5;25 • • -5 5;Ar (in this order), to give 

\2pX2-a;i 

e^i--i = 1 + Api, e^^-"^ = l + Ap2 



^^M-^N = 1 + XPN ^ 

1 + XpN-1 - 



1 + Xpi 
1 + XpN~2 ~ . ^ A^e^^""^ 



1 + Api 

In the periodic case, all e^*~^* can be expressed as analogous infinite periodic continued 
fractions, and are, therefore, double-valued functions of {x,p). 

As discussed in the previous section, commutativity of the maps Fx, (in the open- 
end case, when they are well-defined, i.e., single- valued) is equivalent to consistency of 
the system of corner equations: 

- (e^'^-^* - 1) + Xe"^-' = - (e^^-^* - l) + fie"^-\ (E) 
X ^ ' ' 

1 (g^fc-^fe - l) + Ae^'=+i-^'= = - {^^-^^ ~ ^) + /^e^'"^'"S (^i) 



A ;U 

1 (gS.-^fc _ X) + /ie^'=+i-^^- = i (^e^fc-^fe - l) + Ae^'=-^'=-i, (F 



We have to clarify the meaning of the both notions (commutativity of Fx, F^ and con- 
sistency of corner equations) in the periodic case. To do this, we prove the following 
statement. 
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Theorem 1. Suppose that the fields x, x, x satisfy corner equations (fE]). Define the fields 
X by any of the following two formulas, which are equivalent by virtue of l[E\} : 

}_ (^^^k-x, _ 1 j _ 1 (^e^fe-^fc - + Ae'='=+i-^'= - /ie'^'=+i-^'= = 0, (SI) 

\ (e^'^+i-^fc+i -l) -- (^e^k+i-x,+i _ i) + X(fk+i-% _ = g, (^2) 

A /i 



called superposition formulas. Then the corner equations (f-Ei| j- (f-5'i2| j are satisfied, as well. 

Proof. First of all, we show that equations ( 15*11) and (15'2|) are indeed equivalent by 
virtue of (EJ. For this, we re- write these equations in algebraically equivalent forms: 

A — yU 



gXfc-Xfc + i _ 

and 



— _ = t - 1) - i (e^fe+i-^.+i _ 1) ^ (19) 

respectively. The left-hand sides of the latter two equations are equal. Thus, their differ- 
ence coincides with 

Second, we show that equations (15'ip and (]5'2|) yield d-EiD . (For ([^2]) everything is 



absolutely analogous.) For this aim, we re- write these equations in still other algebraically 
equivalent forms. Namely, (16Tp is equivalent to 



^xk-xk ^ Xae^k+i-xk + ^ ^ , (20) 



while l\S2\i with /c replaced by /c — 1 is equivalent to 

^^g5?fe-^fe-i = ^Xk-xk _^ — ^ ~^ , . (21) 

/i — Ae^* ^'^ 

An obvious linear combination of these expressions leads to 

/i A A/i ' 



which is nothing but (\Ei\j . 



Third, we observe that the sum of equations ([£]), (15'1[) and (15'2[) is nothing but the 



corner equation ( |-E'i2D . 



Remark. Observe that each of the equations (15*11) and (15*2^ is a quad-equation with 
respect to 



5 



i.e., can be formulated as vanishing of a multi-affine polynomial of the four specified 
variables. Equations (|T8|) and (|T9|) are then interpreted as the three-leg forms of the 
original equations, centered at Xk+i- Similarly, equations (120|) and (l2Ti) are the three- leg 
forms of the original equations, centered at Xk- 

This theorem allows us to achieve an exhaustive understanding of the consistency for 
double- valued Backlund transformations. First, suppose that we are given the fields x, x, 
X satisfying the corner equation (E]). Each of equations {\Ei\j , ( I-E2D produces two values 



for X. Then consistency is reflected in the following fact: one of the values for x obtained 
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Figure 2. Consistency of multi-time Euler-Lagrange equations in the case 
of periodic boundary conditions: (a) Given the fields x, x, x satisfying 
the corner equation (E]), each of the corner equations d-EiD , I^E^ has two 



solutions X. One of the values for x obtained from \\E^ coincides with one 



of the values for x obtained from (\E^. This common value of x, together 
with X and x, satisfies (|-E'i2D . (b) The four branches of Fx o and the four 
branches of o Fa coincide pairwise. 



from dFiD coincides with one of the values for x obtained from ([F^), see Fig. I21^a). Indeed, 
this common value is nothing but x obtained from the superposition formulas flS'ip . ( \S2\i . 
as in Theorem [TJ 

The "loose ends" on Fig. |2|^a) are best explained by considering the (double-valued) 
maps Fa, F^, i.e., by working with the variables {x,p) rather than with the variables x 
alone. Indeed, each of the compositions Fa o F^ and F^ o Fx is four- valued. It follows from 
Theorem [1] that their branches must pairwise coincide, as shown on Fig. EJ^b). Indeed, 
Theorem [1] delivers four possible values for (x, x, x) satisfying all corner equations (jFjl - 
( Fi2 ) , namely one x for each of the four possible combinations of {x,x). 

Theorem 2. The discrete multi-time Lagrangian 1-form is closed on any solution of the 
corner equations / fF]) - ((Fi2D . 

Proof. First of all, we show that the closure relation i{X,fi) = is equivalent to 

N N 

Y,i^k-Xk-Xk + Xk)=0 ^ Yle^'-"'^''' = I. (22) 

k=l k=l 

This can be done in two different ways. On one hand, combining (\Sl\i . (]5'2|) with (|F|) . we 
arrive at the two formulas 

_^Xk+i-Xk+i gXfc+i-Xfc+i ^Xk-Xk _| ^Xk-Xk _ g ^23) 

A /i A /i 

Xe^k+i-xk _ ^e^fe+i-Sfe _ ^e^fc+i-^fe + /^e^fe+i-^'^ = o. (24) 
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By virtue of these formulas, most of the terms on the left-hand side of ([3]) with the 
Lagrange function f|T71) cancel, leaving us with 

£(A,/i) = ( Y - - ) y^(xk -Xk- Xk + Xk). 

For an alternative proof of the fact that i{X, fi) = is equivalent to fl22l) . we can refer to 
the spectrality criterium stating that i{X, fi) = is equivalent to dA{x,x; X)/dX being an 
integral of motion for F^. One easily computes: 

dAjx, s^; A) 1 >^ ^ A _ 

k=l k=l 

the first sum on the right-hand side being an obvious integral of motion. 

Now the desired result (1221) can be derived from the following form of the superposition 
formula: 

gZfc-Xfc-Xfc+Xfc+i _ ^25) 

Xe^i' — fie^i' ' 

which is in fact equivalent to either of equations ( 12^ . In the periodic case ( 122]) follows 
directly by multiplying equations (|2^ for 1 < < A^, in the open-end case equation (1251) 
holds true for 1 < < — 1 and has to be supplemented by the boundary counterparts 

A - ' Ae^'^^ - fie""^ ' ^ 



which are equivalent to (TET) for A; = 1, resp. to ( I-E12I ) for k = N. 



Thus, we have proved that the quantity X]fcLi(5^fc ~ ^k) is an integral of motion for 
with an arbitrary fi. Actually, it is not difficult to give a matrix expression for this inte- 
gral. The participating matrices are nothing but transition matrices of the zero curvature 
representation for Fx, but the latter notion is not necessary for establishing the result. 

Theorem 3. Set 

Lk{x,p;X) = ( Q 
and 

Tn{x,p; A) = Ln{x,p; A) • • ■L2(x,p; X)Li{x,p; A). 

Then in the periodic case the quantity Y[k=i^^''~^'' eigenvalue of Tm{x,p]X), while 

in the open-end case it is equal to the {ll)-entry of Tm{x,p] A). 

Proof. We use the following notation for the action of matrices from GL{2, C) on C 
by Mobius transformations: 

b\ r , az + b 



dj ^ ^ cz + d' 

With this notation, we can re-write the first equation in ( 1161) as 

e^" = e""^ ((1 + Xpk) - A^e"^-^'^-) = Lk{x,p- A)[e^^-^] 
This is equivalent to saying that 

Lk{x,p]X){ ^ 
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The proportionality coefficient is easily determined by comparing the second components 
of these vectors: 



Now the claim in the periodic case follows immediately, with the corresponding eigenvector 
of Tiy{x,p; A) being (e^'^, l) . In the open-end case, equation fl27j) holds true for 2 < A; < 
A^, and has to be supplemented by the following two relations: 

Li{x,p; A) Q = e-^^ (^^['^ , and (l O) (^^["^ = e^- . 



As a consequence. 



(1 o)T^{x,p■,x)^^^=f[ 

^ ^ k=i 



In the subsequent sections, we prove similar results for Backlund transformations for 
all the remaining Toda-type systems. For each of them, 

• we find superposition formulas which yield commutativity of Backlund transfor- 
mations, both in the single-valued case of open-end boundary conditions and in 
the double-valued case of periodic boundary conditions; 

• we prove the spectrality property, so that the discrete 1-form C is closed on solu- 
tions of the Euler-Lagrange equations. The proof is based on superposition formu- 
las. This result provides also the existence of a big number of common integrals 
for the whole family Fx. Actually, there are sufficiently many common integrals 
in involution to ensure complete integrability in the Liouville-Arnold sense; 

• and we give an expression of the corresponding conserved quantity dA{x, x; X)/d\ 
in terms of canonically conjugate variables {x,p). This is done with the help of 
the monodromy matrix of the corresponding discrete time zero curvature repre- 
sentation, which is derived directly from equations of motion in an unambiguous 
and algorithmic way. This gives a further support to the idea pushed forward 
in yjj, that Backlund transformations can serve as zero curvature representations 
for themselves. 

5. Backlund transformations for dual Toda lattice 

Our second example constitute Backlund transformations for the dual Toda lattice (jH]) 
which are given by equations of the type ([T]): 

p . ( eP'^ = {xk-Xk)iX + Xk-Xk-i), 
^ ' \ e^*^ = (xk - Xk){X + Xk+i - Xk). 
The corresponding Lagrangian is given by 

N N 

A{x,x;X) = ^ip(xk - Xk) -^i'{X + Xk+i -Xk), 

k=l k=l 

where ip{C,) = ^^ogC, — ^. The standard single-time Euler-Lagrange equations coincide 
with ([7j) with h = X~^. Recall that for the dual Toda lattice we only consider periodic 
boundary conditions. 
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To establish commutativity of the maps Fx, F^, we consider the system of corner 
equations: 

{xk - Xk){\ + Xk- Xk-i) = (xk - Xk){fi + Xk - Jfc-i), (E) 

(xk - Xfc)(A + Xk+i - Xk) = (xk - Xk){lJ^ + Xk- Xk-i), (El) 

{xk - a;fc)(/i + Xk+i - Xk) = (xk - Xk)i\ + Xk- Xk-i), {E2) 

(xk - Xfc)(A + Xk+i - Xk) = (xk - Jfc)(/i + Xk+i - Xk). {E12) 

Theorem 4. Suppose that the fields x, x, x satisfy corner equations (EP- Define the 
fields X by any of the following two superposition formulas, which are equivalent by virtue 

ofm-- 

{xk - Xfc)(A + Xk+i - Xk) = (xk - a;fc)(/i + Xk+i - Xk), (SI) 
(xk+i - Xfc+i)(A + Xk+i - Xk) = (xk+i - + Xk+i - Xk). (52) 



Then the corner equations HEil J- ^Ei^] ) are satisfied, as well. 

Proof. Each of the equations flS'ip and l\S2\i is a quad-equation with respect to 

{xk+i,Xk,Xk,Xk), resp. {xk+i,Xk+i,Xk+i,Xk) . 
The three-leg forms of these equations, centered at Xk+i, are: 

A + Xk+i - Xk _ A + Xk+i - Xk 

/i + Xfc+l - Xk + ^k+i - Xk 

and ^ 

A + Xk+l — Xk _ Xk+1 — Xk+1 
/i + Xk+l - Xk - Xk+1 

respectively. Their quotient coincides with 

The three-leg forms of equations f l5'l|) and (\S2\\ . centered at 



X]^ X]^ Xf^ Xf- 



X- fi + Xk - Xk X + Xk+i - Xk 
and ^ _ _ 

Xk+1 ~ Xk+1 Xk+l ~ Xk+1 



A — /i + Xk+l — Xk+l fi + Xfc+i — Xk 
respectively. The quotient of these two equations (the second with the downshifted index 
k) coincides with d-EiP . 

The three- leg forms of superposition formulas flS'ip and l\S2\} . centered at Xk, are: 

X + Xk+l — Xk _ Xk — Xk 

fJ' + Xk+l ~ Xk Xk — Xk 

and ^ ^ 

X + Xk+l — Xk _ X + Xk+l ~ Xk 

IX + Xk+l - Xk fi + Xk+l - Xk 



respectively. The quotient of these two equations coincides with ( I-E12D . 



Theorem 5. The discrete multi-time Lagrangian 1-form is closed on any solution of the 
corner equations (EP^(^i2p- 
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Proof. With the help of the spectrahty criterium, we see that the claim of the theorem 
is equivalent to 

TV N 

]^(A + Xfc+i - Jfc) = ]^(A + a;fe+i - Xfc). (29) 

k=l k=l 

To prove this relation, we observe that superposition formulas (15'ip and (]5'2|) admit the 
following further equivalent formulations: 

(A - /i)(A + Xfc+i - Jfc) = (A - /i + Xfc - Xk){\ + Xfc+i - Xk), 

and 

(A - /i)(A + Xk+i - Xfc) = (A - /i + Xk+i - Xfc+i)(A + Xfc+i - Xk), 
respectively. There follows: 

A + Xk+i - Xk _ - A + Xk+i - Xk+i 
A + Xk+i — Xk fi — X + Xk — Xk 

Under the periodic boundary conditions, this formula yields 
Theorem 6. Set 

'-Xk Xk{\ + Xk) + eP'' 



Lk{x,p; A) 
and 



— 1 X + Xk 



Tn{x,p; A) = Ln{x,p; A) ■ ■■L2{x,p; X)Li{x,p; A). 



Then, under the periodic boundary conditions, the quantity Y[k=ii^ + Xk+i — Xk) is an 
eigenvalue ofTiy{x,p; A). 

Proof. We can re-write the first equation in fl2S]) as 

eP'' {\ + Xk)xk + eP" - XkXk^i ^ , , 
Xk = Xk + T— — = r— = Lk{x,p; A)[xfc_iJ. 

A + Xk — Xk~l A + Xk — Xk~l 



This is equivalent to 



L 



kix,p; A) ( ^ 



The proportionality coefficient is determined by comparing the second components of 
these two vectors: 

Lk{x,p; A) (^''i^^ = {\ + Xk- Xk-i) (^^ 

Now the claim follows immediately from the periodic boundary conditions, with the cor- 
responding eigenvector of T]\f{x,p; A) being (xn, l) • ■ 
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6. Backlund transformations for modified Toda lattice 

Our third example constitute Backlund transformations for the modified Toda lattice 
([8]) which are given by equations of the type ([T]): 

Like for the standard Toda lattice, in the open-end case the first equations in (1301) are 
uniquely solved for xi, 5:2, . . ., x^r (in this order), and in the periodic case are double- 
valued functions of (x,p). 

The corresponding Lagrangian is given in the periodic case by 

N N 

A{x,x; A) = ^i^ixk - Xk, -1) - ^ipixk+i - Xk, A), 

k=l k=l 

and in the open-end case by 

N N-1 

A(x, x; A) = ^ ^(xfc - Xk, -1) - ^ i^ixk+i - Xk, A) + (xn - xx) log A, 
fc=i fc=i 

where 



^{i- X)= [ hgie^ + X)dr]. 
Jo 



The standard single-time Euler-Lagrange equations are with h = X~^. 

To establish commutativity of the maps Fx, F^, we consider the system of corner 
equations: 





- 1) (A + e^'=-^'=-i) = 




- 1) (/i + e^^-^'^-i) , 






- 1) (A + e^'=+i-^^) = 




-l)(/i + e^'=-^^-). 






- ^){^^ + e'^+^-^^) = 




- l)(A + e^'=-^*-i), 






- 1) (A + e^^+i-^'^) = 




- l)(/i + e^^+i-^'=). 


(^12) 



Theorem 7. Suppose that the fields x, x, x satisfy corner equations [E]) . Define the 
fields X by any of the following two superposition formulas, which are equivalent by virtue 

of m-- 

- 1) (A + e^'=+i-^^) = (e^'=-^'= - 1) (/i + e^'-'+i-^^) , (SI) 
(^e^k+i-xk+i - 1) (A + 6^"+^-^^) = (e^fe+i-^fe+i - 1) (/i + e^^+i-^'=) . (32) 
Then the corner equations I^E^-^^E^ are satisfied, as well. 

Proof. Each of the equations (15'ip and (]5'2|) is a quad-equation with respect to 

(e^'=+^e^^e^^e^'=), resp. {e^^+^e^^+^e^'+^e^"). 
The three-leg forms of equations { \Sl\i and (16'2p . centered at x^+i, are: 

A _|_ g^fe+l-^fc A _|_ ga::fc+l-^fc 
^ _|_ gaJfc+i-Xfc y(i + e^*+i~^* ' 
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and 

\ _|_ ^^k+l-^k gS-fc+i-Xfe+i _ 

respectively. Their quotient coincides with ( ^E\ . 

The three-leg forms of equations { \Sl\i and fl>S'2p . centered at X , are '. 



and 



A — 1X6^'=+^ ^'=+1 ^ -)- gaJfc+i-Xfc 

respectively. The quotient of these two equations (the second with the downshifted index 
k) coincides with d-EiP . 



The three- leg forms of superposition formulas flS'ip and l\S2\} . centered at X/^, are! 

\ _|_ ga;fc+i-^fc gXfc-Xfe _ 



5 



^ _j_ g^fe+1 ^fc g^fe ^fc — ^ 

and 

_j_ g-z^fe+i— ^ _j_ gXfc+i— Xfc 
^ _j_ g^fc+i~^fc ^ -j- g^fc+l ^fc 

respectively. The quotient of these two equations coincides with (\E12\l 



Theorem 8. The discrete multi-time Lagrangian 1-form is closed on any solution of the 
corner equations (EP^(^i2p- 

Proof. With the help of the spectrality criterium, we see that the claim of the theorem 
in the periodic case is equivalent to 

P{x,x) = P{x,x), (31) 

where in the periodic case 

N 

P{x,x) = Yl {l + Xe"''+'), 

k=l 

while in the open-end case 

P{x,x) = e^^^^i n + Ae^'=-^'=+i). 

k=l 

To prove this relation, we observe that superposition formulas HSlh and (\S2\i admit the 
following further equivalent formulations: 

(A - yu) (1 + Xe"^+') = {Xe^^-^^ - /^) (l + Ae^'=-^^+i) , 

and 

(A - ;u)(l + Ae^'=~^^+^) = (Ae^'=+i-^'=+^ + Ae^'=-^'=+i), 
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respectively. There follows: 

1 + Ae^'--^'=+i _ Xe^k+i-xk+i _ n 

1 + \e^k-xk+i ~ X(,xk-xk - /i ■ ^ ' 

In the periodic case this formula yields (ET]). In the open-end case equation (13^ holds 
true for 1 < A; < — 1, and has to be supplemented with 



e^'^-^^, (33) 



which are equivalent to ([£]) for /c = 1, resp. to (\Ei2\j for k = N. Product of equations ([32 



with 1 < k < N ~ 1 and equations (1331) yields the claim of the theorem in the open-end 
case, as well. ■ 



Theorem 9. Set 



/\-^QPk QXk\ 



and 

TNix,p; A) = LNix,p; A) • ■■L2{x,p; \)Li{x,p; A). 

Then in the periodic case the quantity P{x,x) from ^ is an eigenvalue of Ti\f{x,p; X) , 
while in the open-end case its counterpart from ^ is equal, up to the factor X, to the 
{ll)-entry ofTN{x,p; A). 

Proof. We can re-write the first equation in (130|) as 



Pk \ (A + eP^e^^-i +e^'= , .r ~ . 



This is equivalent to 



Lk{x,p;X) ( ^ J ~ ( 1 



The proportionality coefficient is determined by comparing the second components of 
these two vectors: 



L,{x,p-X)\^ ^ J = (1 + Ae^--^'^) (^"^ 

Now the claim in the periodic case follows immediately, with the corresponding eigenvector 
of T]\f{x,p;X) being (e^^,l) . In the open-end case, we have to use additionally the 
following relations: 



Li(a;,p;A)Q =Ae-^^(^""), (l O) 



As a consequence, 

N-l 



(1 0) T^ix,p; A) Q = Ae^--^^ J] (l + Ae^'=-^'^+^). 

^ ^ k=l 
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7. Backlund transformations for symmetric rational additive Toda-type 

SYSTEM 

The next example constitute Backlund transformations for the symmetric rational 
additive Toda-type system ( ITOl) which are given by equations of the type ([1]): 

A A 

Pk = \- 



•^k -^k -^k -^k—l ("iA^ 

^ A A ^"^^ 

Pk = h 



Xfc Xk Xk-^x Xk 

The corresponding Lagrangian is given by 

N N 

A{x,x; A) = A^log \xk - - A^log \xk+i -Xk\. (35) 

k=l k=l 

The standard single-time Euler-Lagrange equations are fill I) with h = X. In the open-end 
case, all terms with Xi — Xq and with xn+i—xn should be omitted both from the equations 
of motion (IMj) and from the Lagrangian ( 1551) . As usual, in the open-end case the first 
equations in flM|) are uniquely solved for xi, X2, . . ., xat (in this order) in terms of {x,p), 
while in the periodic case all Xk can be expressed as infinite periodic continued fractions 
and are, therefore, double- valued functions of {x,p). 

To estabhsh commutativity of the maps Fa, F^, we consider the system of corner 
equations: 

A A /i /i 



Xk Xk Xk '^k '^k '^k -^k—l 

X X u u 
+ — = ^ + Z — ^ — 

Xk — Xk Xk+1 — Xk Xk — Xk Xk — Xk^i 



(El) 



Xk Xk Xk+l Xk Xk — Xk Xk — Xk-1 



Xk Xk Xk-\-l Xk Xk Xk 2^A;+1 Xk 

Theorem 10. Suppose that the fields x, x, x satisfy corner equations iF]) . Define the 
fields X by any of the following two superposition formulas, which are equivalent by virtue 

/i(xfc - Xk){xk+i - Xk) = X{xk - Xk){xk+i - Xk), {SI) 

fi{xk+i - Xk+i){xk+i - Xk) = X{xk+i - Xk+i)(xk+i - Xk). (5*2) 
Then the corner equations ([FiD -( [Fi2l ) are satisfied, as well. 

Proof. Observe that equations l\Sl\i and { \S2\i are quad-equations with respect to 

{xk+i, Xk, Xk, Xk) , resp. (^Xk+i, Xk+i, Xk+i, Xk) , 

namely the cross-ratio equations (Ql5=o in the notation of ABS list [2]). 
The three-leg forms of these equations, centered at Xk+i, are: 

A — /i A /i 

Xk ~ Xk+l ~ Xk+l Xk — Xk+l 



MULTI-TIME LAGRANGIAN 1-FORMS 



17 



and 



X — fi 



X 



Xk — Xk+l ^k+l — Xk+l Xk+1 — Xk+l 

respectively. Their difference coincides with f TEl) . 

The three- leg forms of equations (15'ip and (\S2^ . centered at Xk, resp. at Xk+i, are: 

X — fj, X 



and 



^ 

Xk ~ Xk+l ~ Xk Xk — Xk 

X — X IX 



Xk+l — Xk+l Xk+l — Xk+l Xk — Xk+l 

respectively. The difference of these two equations (the second one with k replaced by 
k — 1) coincides with ^Ei\ . 

The three- leg forms of equations (IS'ip and (1520 . centered at Xk^ are! 

X — jj, X 



and 



^ 

Xk+l Xk Xk Xk Xk Xk 
X — jjL X jj, 



Xk+l ~ Xk Xk+l ~ Xk Xk+l ~ Xk 



respectively. The difference of these two equations coincides with (^12). 



Theorem 11. The discrete multi-time Lagrangian 1-form is closed on any solution of the 
corner equations (EP^(^i2p- 

Proof. With the help of the spectrality criterium, we see that the claim of the theorem 
is equivalent to 

P{x,x) = P{x,x), (36) 

where in the periodic case 

p(^ -^ _ Uk=li^k+l-Xk) 
Uk=l{^k-Xk) 

while in the open-end case the product in the numerator of the latter formula is over 
1 < k < N — 1 only. To prove this relation, we re- write the cross-ratio equations (15'ip . 
l2\i in the following equivalent forms: 



(A - fi){xk - Xk){xk+i - Xk) = X{xk - Xk){xk+i - Xk), 

resp. 

(A — fi){xk+i — Xk){xk+i — Xk+l) = X{xk+i — Xk+i){xk+i — Xk)- 
As a consequence, we arrive at the following superposition formula: 

Xk+l ~ Xk _ Xk+l ~ Xk Xk+l ~ Xk+l 
Xk ~ Xk Xk+l ~ Xk+l Xk — Xk 



(37) 



18 RAPHAEL BOLL, MATTEO PETRERA, YURI B. SURIS 

In the periodic case this formula yields f l36|) . In the open-end case equation fl37|l holds 
true for 1 < < — 1, and has to be supplemented with 

^ ^ =^^-^^ , .J^ = J^. (38) 

Xn—Xn — Xi—Xi Xi—Xi 

Product of equations fl?r|) with 1 < < — 1 with equations (1351) yields the claim of the 
theorem in the open-end well. ■ 



Theorem 12. Set 



^ ^ \ Pk -PkXkJ ' 



and 

Tn{x,p; A) = Ln{x,p] A) ■ ■ ■L2{x,p; X)Li{x,p; A), 
r/ien in the periodic case the quantity 

nf=i(^fc -a^fc+i) 

Uk=li.^k - Xk) 

is an eigenvalue ofTN{x,p; X), while in the open- end case its counterpart, 

Ilk=l(^k - Xk+l) 
Uk=l(^k-Xk) 

is equal to the {21)-entry ofT]\f{x,p; A). 

Proof. We can re-write the first equation in fl5^ as 

A pkXk{xk -Xk-i) ~ Xxk-i J , 1 

Xk = Xk^ 7 = 7 — 7 r = Lk{x,p] A) a;fc_i . 

^ _ ^ Pk{xk - Xk-i) - X 

Pk ~ 

Xk Xk—1 

This is equivalent to 

Lkix,p;X) (^^'^'^ ~ (^\' 

The proportionality coefficient is determined by comparing the second components of 
these two vectors and is equal to 

1 \-W ~ ^ 1 ^ ~ N f ^ , 1 ^ Xk-i~Xk 
1 - A pk{xk - Xk-i) = 1- [Xk- Xk-i) h 



Xk Xk Xk Xk—1 I Xk Xk 



Thus, 



T ( \\ f^k-l\ Xk-l-Xk Xk\ /on\ 

L.(x,p;A)^ 1 )=^;^[l)- (29) 

Now the claim in the periodic case follows immediately, with the corresponding eigenvector 
of Tn{x,p] A) being (xn, l) • In the open-end case, equation fl39|l holds true for 2 < A; < 
A^, and has to be supplemented by the following two relations: 

Liix,p; A) (J) = ^ (^^^) , and (O l) (^-) = 1. 
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As a consequence, 



(0 l)TNix,p;X) 



rr^ 



Uk=li^k-Xk) 



8. Backlund transformations for symmetric rational multiplicative 

toda-type system 

The next example constitute Backlund transformations for the symmetric rational 
multiplicative Toda-type system f|T2|) which are given by equations of the type ([T]): 



g2pfc _ Xk- Xk + X Xk - Xk-l + A 

Xk ~ Xk — X Xk — Xk-l — X 

^2p^ _ Xk- Xk + X Xk+1 -Xk + X 



(40) 



Xk- Xk - X Xk+i -Xk-X 
The corresponding Lagrangian is given by 

N N 

A(x,x; A) = -Xk;X) - -x^; A), (41) 



k=l k=l 

where 

1 
2 



V'(^; A) = ^ / \ogr]dr]. 



-A 

The standard single-time Euler-Lagrange equations are (IT5|) with h = X. In the open-end 
case, all terms with xi — Xq and with xat+i — xa? should be omitted both from the equations 
of motion f HOj) and from the Lagrangian f HT]) . 

To establish commutativity of the maps Fx, -F^, we consider the system of corner 
equations: 

^_ I \ ^_ :Tr_ i \ ^_ i ,, ^_ i ,, 

(E) 
(El) 



Xk 


-Xk + X 


Xk - 


Xk-l + X 


Xk 


-Xk + n 


Xk - 


Xk-l + fJ- 


Xk 


-Xk-X 


Xk - 


Xk-l - X 


Xk 


- Xk- n 


Xk - 


Xk-l - 


Xk 


-Xk + X 


Xfc+l 


-Xk + X 


Xk 


-Xk + fi 


Xk - 


Xk-l + 


Xk 


-Xk-X 


Xfc+l 


-Xk-X 


Xk 


-Xk-jJ, 


Xk - 


Xk-l - /i 


Xk 


- Xfc + /i 


Xk+1 


-Xk + fJ^ 


_ Xk 


-Xk + X 


Xk - 


Xk-l + X 


Xk 


- Xfc - /i 


Xk+1 


- Xfe - /i 


Xk 


-Xk-X 


Xk - 


Xk-l - X 


Xk 


- Xfc + A 


Xk+1 


- Xfc + A 


_ Xk 


-Xk+ fi 


Xk+1 


-Xk + fi 


Xk 


- Xfc - A 


Xk+1 


- Xfc - A 


Xk 


-Xk- 


Xk+1 


-Xk- fi 



(E 



12) 



Theorem 13. Suppose that the fields x, x, x satisfy corner equations [E]) . Define the 
fields X by any of the following two superposition formulas, which are equivalent by virtue 

of (Ep.- 

fj,(xk - Xk){xk+i - Xk) - A(xfc - Xk){xk+i - Xk) + A/i(A - /i) = 0, (5*1) 

/i(xfc+i - Xfc+i)(xfc+i - Xk) - X{xk+i - Xk+i){xk+i - Xk) + Xfi{X - fi) = 0. {S2) 
Then the corner equations (f-5'iD -( [^i2p satisfied, as well. 
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Proof. Observe that equations (15*11) and (15*21) are quad-equations with respect to 

{xk+i, Xk, Xk) , resp. (xfc+i, Xfc+i, Xfc+i, Xfc) , 

namely of the type Ql5=i from the ABS hst [2]. 

The three- leg forms of these equations, centered at Xk+i, are: 

Xk+i ~ Xk + X _ Xk+i — Xk + fJ' Xk ~ Xk+i — X + fi 
Xk+i ~ Xk — X Xk+i — Xk — fJ' Xk — Xk+i + X — fj, 

and ^ 

Xk+i - Xk+i + X _ Xk+i - Xk+i + /i Xk - Xk+i + X- jj. 
Xk+i — Xk+i — X Xk+i — Xk+i — Xk — Xk+i — X + jj 

respectively. Their product coincides with ([E|) with k replaced by A; + 1. 

The three-leg forms of equations ( 15*ip and (15*2^ . centered at Xk, resp. at Xk+i, are: 



Xk+i -Xk + X _ Xk-Xk + fi Xk - Xk + X - jji 
Xk+i — Xk — X Xk — Xk — ^Ji Xk — Xk — X + jj, 

and ^ 

Xk+i - Xk+i + A _ Xk+i - Xfc + /i Xk+i - Xk+i - A + /i 
Xk+i — Xk+i — X Xk+i — Xfc — /i Xk+i — Xk+i + A — /i 

respectively. The product of these two equations (the second one with k replaced hy k — 1) 

coincides with d-Eil ). 

The three- leg forms of equations (15*ip and (15*21) . centered at 

Xk-Xk + X Xk-Xk + n Xk- Xk+i + A - /i 



Xk-Xk-X Xk-Xk-fJ, Xk - Xk+i - A + /i 

and ^ ^ ^ 

Xk+i — Xk + X _ Xk+i — Xk + Xk — Xk+i — A + /i 

^^fc+i — Xk — X Xk+i — Xk — 1^ Xk — Xk+i + X — jj, 
respectively. The product of these two equations coincides with (|-5'i2| ). 



Theorem 14. The discrete multi-time Lagrangian 1-form is closed on any solution of the 
corner equations (EP^(^i2p- 



Proof. Spectrality criterium requires to prove that the following quantity is an integral 
of motion for F^: 

P{x, x) = exp{-2dA{x, X- X)/dX) = ((^fc+i " ^fc)^ - A^) 

nL ((5^;^ - ^k? - A2) 
(in the periodic case; in the open-end case the product in the numerator of the latter 
formula is over 1 < k < N — 1 only). Taking into account the obvious integral of motion 

TT g2pfc _ TT Xk — Xk + ''^ -TT Xk+i — a^fc + A 
fi f\xk-Xk-X l\xk+i-Xk - X' 

fe=l k=l k=l 

we see that we have to prove the property 

P{x,x) = P{x,x) (42) 
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for the quantity for either of the following two quantities: 



llfc=i [Xk-Xk - A) 
llfc=i [Xk-Xk + X) 



To prove this, we re- write superposition formulas ( \Sl\i . (\S2\i in the following equivalent 
forms: 

(A - fi){xk -XkT X){xk+i -Xk±X) = X{xk - Xfe =F A ± fi){xk+i - ± A =f yu), 

and 

(A - /i)(xfe+i -Xk± X)(xk+i - Xk+i T X) = X(xk+i - Xk+i =F A ± fi){xk+i - ± A =f /i). 
As a consequence, we arrive at the following superposition formula: 

Xk+i -Xk± X _ Xk+i -Xk± X Xk+i - Xk+i T X± fi ^^^^ 
Xk-XkT X Xk+i - Xk+i =fA Xk -XkT X± h 

In the periodic case, the latter formula yields fH21) for both quantities (I43p . flH|) . In the 
open-end case equation fH51) holds true for 1 < A; < — 1, and has to be supplemented 
with the following two relations: 

A X — n X X — ^ 

"^j^-xnTX xn -xnTX± xi-xitX xi - xi =f A ± yu' 

which are equivalent to equation f\Ei2\ for k = N, resp. to equation f[El) for k = 1. M 

Theorem 15. Set 

T ( ^^ _ A(e2f^ + 1) + Xk{e^^'^ - 1) (A^ - xDie^^" - 1) 
Lk[^x,p,A)-y e^p^-\ A(e2P'= + 1) - Xfc(e2p^ - 1) 

and 

Tn{x,p; A) = Ln{x,p; A) ■ ■■L2{x,p; X)Li{x,p; A), 
r/ien m i/ie periodic case quantity 



^2xf Ilk=ii^k - Xk+i - X) 



Uk=ii^k - Xk - X) 
is an eigenvalue ofTi\f{x,p; X), while in the open-end case its counterpart, 

/r,A,xAf Ilk=li^k - Xk+l - X) 
\[k=l\^k-Xk - X) 
is equal to the {21)-entry ofT^^x^p; A). 

Proof. We can re-write the first equation in (HOjl as 

e^P''(A + Xk){xk - Xk-i - A) + (A - Xk){xk - Xk~i + A) 

e^P'-{xk - Xk-i - A) - (xfc - Xk-i + A) 
(A(e2P'= + 1) + Xfe(e2P'= - l))xk-i + (A^ - xl){e'^P^ - 1) 

(e^Pfe - + A(e2pfc + 1) - a;fc(e2pfc - 1) 

Lk{x,p; X)[xk-i]. 



Xk 
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This is equivalent to 

The proportionahty coefficient is determined by comparing the second components of 
these two vectors and is equal to 

(e2P'=-l)(Jfc_i-Xfc) + A(e2P'= + l) 



{xk - + A) - e - Xk-i - A) = -2A- 



Thus, 



Lkix,p;X)(^ 1 )=^^ x,-Xk-X [ij- 
Now the claim in the periodic case follows immediately, with the corresponding eigenvector 
of Tj^{x,p] A) being (x^, l) . In the open-end case, equation fH6|) holds true for 2 < /c < 
A^, and has to be supplemented by the following two relations: 

As a consequence, 

9. Backlund transformations for symmetric hyperbolic multiplicative 

toda-type system 

Our last example constitutes Backlund transformations for the symmetric hyperbolic 
multiplicative Toda-type system (|T^ which are given by equations of the type ([T]): 

^2p^ sinh(xfc -Xk + X) sinh(a;fc - x^-i + A) 



e 



sinh(xfc - Xk - A) sinh(xfc - Xk-i - A) ' ^^^^ 

2~ sinh(xfc - Xk + X) sinh(a;A:+i - Xk + A) 
e ^ = ■ 



sinh(xA; — Xk — X) sinh(xfc+i — Xk — X) 
The corresponding Lagrangian is given by 

N N 

A(x, x; A) = ^ tpixk - Xk] A) - ^ i^{xk+i - Xk, A), (4 

k=l k=l 

where 

1 /■^+^ 



1 

V'(^;A) = -/ logsmh(?7)rfr7. 



The standard single-time Euler-Lagrange equations are f|T5l) with h = X. In the open-end 
case, all terms with xi—xq and with xat+i — xa? should be omitted both from the equations 
of motion f H7|) and from the Lagrangian f l48|) . 

To establish commutativity of the maps Fx, -F^, we consider the system of corner 
equations: 

sinh(Jfc - Xk + X) sinh(xA; - Xk^i + A) sinh(xA,. - Xk + fi) sinh(xfc - Xk-i + /i) 



sinh(xfc — Xk — X) sinh(xfc — Xk-i — A) sinh(xfc — Xk — jj) sinh(xfc — Xk-i — jj) 
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sinh(xfc - Xk + \) sinh(xA;+i -Xk + \) sinh(xfc - + /i) sinh(xfc - Xk-i + /i) 



sinh(xfc - Xfc - A) sinh(xfc+i - Xfc - A) sinh(§fc - - /i) ' sinh(xfc - - /i) ' ^ 
sinh(xfc - Xk + fi) sinh(a;A;+i - Xk + fi) _ smh(xfc -Xk + X) smh(xfc - x^-i + A) 
sinh(xfc - Xk - /i) sinh(xfc+i - Xk - fi) smh{xk -Xk- \) sinh(xfc - Xk-i - A) 

sinh(xfc — Xfc + A) sinh(xjfc+i — + A) sinh(xfc — Xk + fi) sinh(xfc_|_i — x^ + /i) 



12 



sinh(xfc - Xfc - A) sinh(xfc+i - Xk - A) smh(xfc - Xfc - /i) sinh(xfc+i - x^ - /i) 

Theorem 16. Suppose that the fields satisfy corner equations [E]) . Define the 

fields X by any of the following two superposition formulas, which are equivalent by virtue 

ofm-- 

+ e^\e^^ - l){e^^>'e^^^ + e^^'^+^e^^'^) = 0, (^1) 

Then corner equations ((-Ei[ j-( fE^ are satisfied, as well. 

Proof. Observe that equations flS'ip and (15*2^ are quad-equations with respect to 

^g2x,+i^g23?,^g2Jfe^g2§,^^ resp. (e^^'^+Se^^'^+Se^^'^+Se^^''), 

namely of the type Q35=o from the ABS list [2]. 

The three-leg forms of these equations, centered at x^+i, are: 

sinh(xfc+i - Xfc + A) sinh(xfc+i - x^ + yu) sinh(xfe - Xk+i - X + fi) 



and 



sinh(xfe+i - Xfc - A) sinh(xfc+i - x^ - /i) sinh(§fc - x^+i + A - /i) ' 
sinh(xfc+i - Xfc+i + A) sinh(xfc+i - x^+i + fi) sinh(xfc - Xk+i + A - /i) 



sinh(xfc+i - Xfc+i - A) sinh(xfc+i - Xfc+i - /z) sinh(xfc - Xk+i - A + /i) ' 

respectively. Their product coincides with f[E|) with k replaced by k + 1. 

The three-leg forms of equations (El]) and (\S2^ . centered at Xk, resp. at Xk+i, are: 

sinh(xfc+i - Xfc + A) sinh(xfc - Xfc + /i) sinh(xfc - Xfc + A - /i) 



and 



sinh(xfc+i - Xfc - A) sinh(xfc - Xfc - /i) sinh(xfc - x^ - A + /i) ' 
sinh(xfc+i - Xfc+i + A) sinh(xfc+i - Xfc + /i) sinh(xfc+i - Xfc+i - X + fi) 



sinh(xfc+i - Xfc+i - A) sinh(Jfc+i -Xk- f^) sinh(xfc+i - Xfe+i + A - /i) ' 

respectively. The product of these two equations (the second one with k replaced by A; — 1) 
coincides with (\Ei\j . 

The three- leg forms of equations (15'ip and l\S2\} . centered at Xfc, are: 

sinh(xfc — Xfc + A) sinh(xfc — Xfc + /i) sinh(xfc — Xfc+i + X — n) 
sinh(xfc — Xfc — A) sinh(xfc — Xk — jj) sinh(xfc — Xfc+i — A + /i) 
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and ^ ^ ^ 

sinh(Jfc+i —Xk + X) sinh(xA;+i — + /i) sinhixk — Xk+i — A + /i) 

sinh(xfc+i - Xk - A) smh(xfc+i -Xk- Ij) sinh(xfc - x^+i + A - yu) 
respectively. The product of these two equations coincides with (|-E'i2D . ■ 



Theorem 17. The discrete multi-time Lagrangian 1-form is closed on any solution of the 
corner equations (EP^(^i2p- 



Proof. With the help of the spectrality criterium, we see that the claim of the theorem 
is equivalent to 

P{x,x) = P{x,x) (49) 

for the quantity 

o/ ~\ rifcLi sinh(xfc+i - ^fc - A) sinh(xfc+i -Xk + \) 
F[x,x) = — ^^-^ , 

Ylk=i sinh(xfc - Xk - X) smh{xk - Xk + X) 

(in the periodic case; in the open-end case the product in the numerator of the latter 
formula is over 1 < A; < — 1 only). Taking into account the obvious integral of motion 

TT g2pfe _ TT sinh(xfc - Xk + X) _ -pr sinh(xfc+i -Xk + X) 
fli ^=1 ^^^^(^k - Xk - X) sinh(xfc+i - - A) ' 

we see that we have to prove the property (H^ for either of the following two quantities: 

tN 



Ylk=i si^h (xfc+i -Xk + X) 
nf=i sinh (xk - Xk- X) 



Pi{x,x) = 't^='_':r' (50) 



P.(x,x)= n"^^""^^"^-^^-"^-^\ (51) 
Y[k=i smh {xk - Xk + X) 



To prove this relation, we re- write superposition formulas (IS'ip . (\S2\i in the following 
equivalent forms: 

sinh(xfc — XkT X) sinh(a;fc+i — Xfc ± A) = csinh(xfc — Xk T X ± fj,) sinh(a;fc+i — ± A =F /x), 
resp. 

sinh(xfc+i-Xfc±A) sinh(xfe+i-Xfc+i=FA) = csinh(xfc+i-Xfc+i=FA±/i) sinh(xfc+i-Xfc±A=F/i), 

where c = (e^'^ — l)/(e^^ — e^^). As a consequence, we arrive at the following superposition 
formula: 

sinh(a:fc+i -Xk±X) _ sinh(xfc+i -Xk±X) sinh(xfc+i - Xk+i =F A ± /i) 
sinh(xfc -XkTX) sinh(xfc+i - Xk+i T A) sinh(xfe -XkTX±fi) 

In the periodic case, the latter formula yields fHU]) for both quantities f l5U]) . fl^ . In the 
open-end case, equation f l5^ holds true for 1 < A; < — 1, and has to be supplemented 
with the following two relations: 

c _ 1 

sinh(§7v - xtv T A) sinh{xN - x^v T A ± /i) ' 
c _ 1 

sinh(xi — xi =F A) sinh(xi — xi =F A ± /i) ' 
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which are equivalent to equation (\Ei2\j for k = N, resp. to equation ([£]) for = 1. ■ 



Theorem 18. Set 



Lk{X,p; A) = I 2Ag-2xfc (^g2pfc _ j^^) g4A _ g2pfc 

and 

Tn{x,p; A) = Ln{x,p] A) ■ ■ ■L2{x,p; X)Li{x,p; A), 
r/ien m t/ie periodic case the quantity 

_ g4A^)7v nf=i sinh(xfc+i - Xfc + A) 
nf=i sinh(^fc - Xfc - A) 

zs an eigenvalue ofT]^{x,p; X), while in the open-end case its counterpart, 

_ ^i\^N ]\k=i sirih(^fc+i - + A) 
nf=i sinh(xfc - Xfc - A) 

is equal to the {21)-entry ofT]\r{x,p; A). 

Proof. We can re-write the first equation in flTr|) as 

l'p4A 2pfc _ 1 \ 2xk^i _ p2A 2xfe/i _ p2pj.\ 

A ^ e2x, ie e ije ^ e j ^ AUe^^^-M 

g2A(^g2pfe _ 1)625?*-! + e2^fe(e4^ - C^Pfc) ^'^^^'■f'' J 



This is equivalent to 

Lk{x,p; A) 

The proportionality coefficient is determined by comparing the second components of 
these two vectors and is equal to 

e2A(e2p. _ i)e2J,_i-2x, ^ _ g2p, ^ _ e4^) '^^^/^:^~"^"-^ + ^^ 

sinh(a;fc — Xk — X) 

Thus, 

r r fe^^^~^\ ,^ 4^^ sinh(xfc-Xfc_i + A) /e^-A 

Lfc X,p;A = 1-e . , .~ . • 53 

V 1 y smh(xfc - Xfe - A) V ^ / 

Now the claim in the periodic case follows immediately, with the corresponding eigenvector 
of T^{x,p;\) being (e^^^,l) . In the open-end case, equation ([2SD holds true for 2 < 
k < N, and has to be supplemented by the following two relations: 

As a consequence, 

(0 1) T.(x.p; A) = (1 - e")" ^■"M^^.. - + A) . 

yuy 1 smh(,Tfc - Xfc - A) 
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10. Conclusions 

In a forthcoming paper, we will present results on the multi-time Lagrangian one- 
forms for a more general class of Backlund transformations, namely for systems of the 
relativistic Toda type. This will give us an opportunity to present an alternative approach 
to this theory, namely an approach from the point of view of two-dimensional integrable 
systems. Indeed, it is well known since that discrete time relativistic Toda systems are 
best interpreted as systems on the regular triangular lattice. A general theory of Toda- 
type systems on graphs and their relation to quad-graph equations has been developed 
in [6], [3], [9]. A blend of both approaches, one- and two-dimensional, turns out to be 
fruitful for both ones. 

Another point we plan to investigate is the quantum counterpart of the results presented 
here. It is well known that Backlund transformations for the standard Toda lattice admit 
a natural quantum analog, the Baxter's Q-operator [16]. The Lagrangian of the Backlund 
transformation is a quasi-classical limit of the kernel of the integral Q-operator. The 
spectrality property of the Backlund transformation is the quasi-classical limit of the 
Baxter's equation relating the monodromy matrix and the Q-operator [T7]. At the same 
time, the quantum counterpart of the whole multi-time Lagrangian theory, in particular, 
of the closure relation, is not yet clear. Also here, the two-dimensional point of view will 
be fruitful, as indicated by the work [5] treating a solvable model of statistical mechanics, 
for which the thermodynamical limit of the partition function is nothing but the action 
functional of a certain discrete Toda-type model. In this framework, the closure relation 
obtains its interpretation as the thermodynamical limit of the Z-invariance of the partition 
function. A blend of both approaches will likely deliver a rather universal and simple 
picture. 

This research is supported by the DFG Collaborative Research Center TRR 109 "Dis- 
cretization in Geometry and Dynamics" . 
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